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Jto

A volcano has erupted, spewing stones, steam, and ash several thousand
meters into the atmosphere (Fig. 10-14). After some time, the particles
begin to settle to the ground. Consider a nearly spherical ash particle of
diameter 50 um, falling in air whose temperature is —50°C and whose pres-
sure is 55 kPa. The density of the particle is 1240 kg/m®. Estimate the
terminal velocity of this particle at this altitude.

20



SOLUTION We are to estimate the terminal velocity of a falling ash particle.

Assumptions 1 The Reynolds number is very small (we will need to verify

this assumption after we obtain the solution). 2 The particle is spherical.

Properties At the given temperature and pressure, the ideal gas law

gives p = 0.8588 kg/m?. Since viscosity is a very weak function of pres- &
sure, we use the value at —50°C and atmospheric pressure, p = 1.474 X

107% kg/m-s.

Analysis We treat the problem as quasi-steady. Once the falling particle

has reached its terminal settling velocity, the net downward force (weight)

balances the net upward force (aerodynamic drag + buoyvancy), as illustrated
in Fig. 10-15.

D
Downward force: Foun = W = T Pricef (m

The aerodynamic drag force acting on the particie is obtained from Eq. 10-12,
and the buoyancy force is the weight of the displaced air. Thus,

D’
Upward force: Fopo = Fp + Fopuney = InpVD + W Pl 2)

We equate Egs. 1 and 2, and solve for terminal velocity v,

V= m iPFm:E o pﬂ’#

(50 x 10 *m)*
- 1240 — 0.8588) kg/m’](9.81 m/s?
1801473 % 10 kg/ms) | ) kg/m’]( s2)

= 0.115 m/s

Finally, we verify that the Reynolds number is small enough that creeping
flow is an appropriate approximation,

~ puVD  (D.8588 kg/m*N0.115 m/s)50 % 10-°"m)

5 = (335
M 1474 = 10° " kg/m-s

Re

Thus the Reynolds number is less than 1, but certainly not much less than 1.
Discussion Although the equation for creeping flow drag on a sphere (Eg. 10-12)
was derived for a case with Re == 1, it turns out that the approximation is
reasonable up to Re = 1. A more involved calculation, including a Reynolds
number comection and a correction based on the mean free path of air mole- 21
cules, yields a terminal velocity of 0.110 m/s (Heinsochn and Cimbala, 2003);

the emmor of the creeping flow approximation is less than 5 percent.
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VXV =0

Expand in Cartesian coordinates,
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The identity is proven if ¢ is a smooth
function of x, y, and z.

J5 00 Olg5 (s o3 sz i 0Lz 3 23l Ol 4 U
Al @l S5 0L1S 300 4 1) Car
)5 Ol Cas o Junily 20U 0L 4

1: — ifd}

2 2%y 0Ly Usles
30



U, =

v

o

0x

dep

ar

V=

d d - '
y = d) W = ¢ NP1 ol > vV = T(fr
ay dz

1 ¢ _ ¢

By = ——— I, —_— 4.i|,.'.'.-.»| sl J>
r o6 0z

Sed ol Siwew dslee )o LA 3 s 0L > doles ST ¢

—
0->VVehp=0
D9 g0 (Siwgy oles S )2 e 0L )2 Sy sl0

- V2 — O
(ool Uslze)

31



Vz —_— V).V} Q#Hu-;U_;,.'ﬂ)._f_l

&) Joezme SO L (U, VW) Jggmme 4w g 35S0l o 5 ol Gl
| (Cas o Janiliy

General 3-D incompressible flow;
*  Unknowns = u. v, w, and P
*  Four equations required

l Approximation

Irrotational region of flow:
* Unknowns = and P
* Two equations required




u.v).n)ls ' CCIR 23 u»lL;]J dJoles

Sl Glgwl oBCuns )3 wis) dsles

Vch—la(r%): L1 | ad)—o

r or r? 003 072

33



O (o5

Jesd U1, 5! Wlgiwl olbiw) ) i J)lan ®
sl gl sl (5| Glgnl @ 5,0 oasha

34



P 90 g0 dJoles
23T o Cawd 4 Eazpaw Olowe (WU Aslee Jo U o3 p jut 0L s> s 0
..‘J.g-n"-'.vga iuulﬂhn)m 0'“ Io’.u.a,.a dbLﬁntS-oSLl .

2z p 5 (Samngy jl uVIV = uVA(Vep) = ,uw/) =0
"’3“"'&.‘:‘“"9'”’ P 9s g0 n

o 23lw gl dsloe 4 Ll 2t OL = Sl potiege Uslae (il ulo
(j‘.7 — —}.—} = — .j,‘:'
P TI‘ + (V-V)V | =—VP + pg
:

32 4 Mgl dslas jl (615 2 Oluwlone SaS L Olgs o 7 M e 0L = wlie
P V2 (> oz ) 29U PSI.J" sLL oLz ) s

;-f-?‘Fg;j:C -



Ol )z )3 Tz (=2 )z 9 Zod pue QL2 5 (oo 0 Uolee Ogls ©

b jl o ol 9 Cunl jiive UL = B> SO S9) (90 Uslre z5d e

ol Sy e Ol o Ll ol Wglae 505 0L = b 4 SL >
Sl QLS9 23900 plod > o 0

7. . .
AP P iy Oy it Uslas
— + — + gz = C = constant everywhere i i,
p 2 L H.L:_Ll PSI-P L.'-n-ll.'!
P W | P At 0Lz Jeip Uslas
— + — + gz = C = constant along streamlines = : U"J b

o1 2 Cawd U LS et LS o YRS R (He Udlrs Jo U e °

Calculate ¢ from continuity: V¢ = 0

d3| f’ls.- =2 ; ; A — o
Calculate V from irrotationality: V = V¢

p9> pl5 Calculate P from Bernoulli:

P V2
py o5 i 7 t8=C



Ob = &b . 5

W = f(x,y) 220 oS5 Ol s Gamgs U S °
gt % 0L > @b ciy o5 o
'l’=¢f4 _
B Y -y
=3 / u_a_y' __E
¥ =1,

<ol juslie sl 4 0L = U e ST

‘[3" Streamlines -
X 37



(a292) (S )7 a8 OL )=

o 3 S0 M5 o 1) XY dmio > (Sa9 Syt L2 SO
VxV =0

ow dv\, [du odw)\_, [dv dJdu g
dy 9z tY\oz ax )7 ax ay)
0
m)}(w=0£—0)‘5m’3ubp_p '
dv odu
dx dy

oL,z @b i Gl b

a [ oy G *y %y
6,::(_8.1:)_#( )_ axz  ay? ci i > V2w=0

38



&U $lr p2 9 VL= &U Sli e wlg) dole oy ©
Oyl > )8 t_.a.f-).a»d.u.dh.&

st i sl ews o V2 =0
3L @S] )5 ¢ ol OL =
GIR9D 9 (o> )3 JuE

sz jl 83al Cawd 4 VZIIJ:O

0L > bohs Col P 4 by o sla  Gxio

Jaaily o2 bohs Coll P 4 by jo b i

39



393908 02 22 0L bobs 9 Juwily o2 bohs ©

Equipotential lines )

40



o 0 . . .
> )z pal OL )= )3 (o5 e )
Ll Sod b Sl pin > dslee SO el dsles
2ib dboles Olgzr b s doles Olg> 2z b 93 )l (RS S 5

Ay oB5T 3iil Y dslee Olg> pl3S o Py 5 Py ST gm
D9 M‘P an.;_l' 4Jsles l-..ll,:- Jad A‘Pl + B¢2 9 ¢1+¢2 A + ¢’1

9 (0 83l g 00 o ez J> g sl J> 2z b 9> g 218

41




P loddo (i yz e sl OL

SoS L oduzmn A )z e s 0L > Gilddo sl 0 ©
35 S )5 1) odle s 0L = Olgs (o0 (o5 e 2 ol

AX ez 3V el e b &S by 119380 0L > .1
A.nsgnus):u:.uubilﬁ

| Vi [ |
B - 9 _op_
| | | | Uu = = —
| - | | -:l
: Vo : [ ax ay
R | >
| S ap
| | l | - V=gaiz -ea=)
e ady 0x
L L oz bkl
ey I | ._jr UL.’.HJJLJ'.‘:”‘"'U'.',F
b b =0 b CaslyiSs 42



(SaS19iS5 0L =) Jamily 9 OL > U

¢=Vx+ f(y) > v=%=f'(y)=0' > f(y) = Constant

WS b5 ) ie 1) OT Ulgs (oo Caml Blgds Olgm ol @
s )3 .33 (g0 Cawd 4 5 Ol @U Sl wlie yob 4

¢ =Vx

SS9 Oy 8l 0 at pow il

Yy =Vy CSl9iS Ol 12 0L @

43



el U3 (3 93 4o 3 S SLy=> s oz L g ednz 0L = Y

ploi Jl L 5 (dedz)ssd pliiio 09w Cromw 4 (GRS O jg0 4 b Cig>
(=) 2&b by QL = S o Cow L Olg>

d}bplgﬁdJV/Lgbgﬁw”‘Lﬁaﬁd@ﬁdJV ’

Ly .L—ml
L3l .

W " v v/L
“. v r / = =TT

= 2TTU, U, = py—

'
v
-‘.___}l' 0 |:,..---"'r

-
—

4—-’ ; D9 o0 5 elod Cas s JS e jl s o8Il e

% ¥
#
% #
LY &
LY -‘
- -
h.h __-"
""I__.-n-'i'.

44



. H(olz 9 ol OL =) Jamily 9 OL = &L °
Sl Cae o g ol 9 ez (Sl o b8 Olaisne diws o
Lol p200  wloo Cuc pw 9315 399

do 161,0 V/L

e T 88  2mr

10 oy

Yo = ro6  or =

45



o4l ]

ik PSR = f(6

3y Ug = ll) f( ) \(#__di;p/

aw v/L 7.2

1 = ) = —
=f'(0)=ru, = 2

V/L
- f(0)= / 9+constant
\j
V/L
II)—— ol 9 Ly Ob = ¢l Ol = U
vV /L CleiSe 0L Sl Jasly U
=" / —Inr THmeseRe

46



IS re S Js> O (§3% 95 s )3 &S b= 0l 5 QL = Y

piuo Gelad Cas puw 9 315 3979 (pulos Caz pu e 4135 S 610V
o 1ay e
T or Troe Gl 23,5 b 4138 s T
19 op T
Ug = ——=

r 69 Jr 2mr

v4

¢=_9 Ll 5 b= ¢l e ol = U

/7 \9 P INT 45 Ol r ity
r 21

) X 47



_
w EXAMPLE 10-5  Superposition of a Source

5 and Sink of Equal Strength
|

B Consider an irrotational region of flow composed of a line source of strength
VL at location (—a, 0) and a line sink of the same strength (but opposite
sign) at (a, 0), as sketched in Fig. 10-48. Generate an expression for the

stream function in both Cartesian and cylindrical coordinates.

SOLUTION We are to superpose a source and a sink, and generate an
expression for ¢ in both Cartesian and cylindrical coordinates.

Assumptions  The region of flow under consideration is incompressible and
irrotational.

Analysis We use Eq. 10-44 to obtain « for the source,

Vi y
Line source at (—a, 0); h, = . Hl where f, = arctan — (1)
2T x+a
Similarly for the sink,
| -VIL y
Line sink at (a, 0): iy = 0, where 0, = arctan (2)
‘ 2 X =a

Superposition enables us to simply add the two stream functions, Eqs. 1 and 2,
to obtain the composite stream function,

VIL )

Composite stream function: b=y, +¢=—(0,-6,) (3) -
. 2.“- = L"IJ"L

1]



We rearrange Eq. 3 and take the tangent of both sides to get

2

tan 0, — tan 0,
tan —— = tan (0, — 0,) = -
VIL ’

| + tan #, tan 6,

where we have used a trigonometric identity (Fig. 10-49).

(4)

We substitute Eqgs. 1 and 2 for #, and f, and perform some algebra to

obtain an expression for the stream function,

UsefuliTrigonometricldentities

sin(pd B Etsintlcos) BRidcostesin]3
cos(aBidB ElcostalcosIBRsintafsiny

s = Em@a;t&m@

é-?@m-%@%

-

y y
2myp x+a x-—a —2ay
tan — = = — - -
V/IL v N X%+ y-—a
| +
Xx+tax-a
or, taking the arctangent of both sides,
| . . ~V/L 2ay
Final result, Cartesian coordinates: \ = arclan —; - -
2 X y—-at
We translate to cylindrical coordinates by using Egs. 10-38,
- VIL 2ar sin 0
Final result, cvlindrical coordinates: = arctan — z (6)
' 2 r - a
Discussion |f the source and sink were to switch places, the result would

be the same, except that the negative sign on source strength V/L would

disappear.
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(a) (b)
Property Laminar Turbulent™ Turbulent™®
. 0 491 ) 0.16 0 0.38
Boundary layer thickness —= —_ —=
el ¥ VRe, X ®e)”  x  (Re)”?
: . o* | 7 o* 0.020 o 0.048
Displacement thickness = T = =
X \ ;’Rﬂr X (Re,) X (Re )"
: 6 0.664 ) 0.016 6 0.037
Momentum thickness —= — g T
¥ VRe, x (Re) x (Re)
: — _— 0.664 0.027 0.059
Local skin friction coefficient C, = e L B
R T Bl T (R

* Laminar values are exact and are listed to three significant digits, but turbulent values are listed to only
two significant digits due to the large uncertainty affiliated with all turbulent flow fields.

T Obtained from one-seventh-power law.

I Obtained from one-seventh-power law combined with empirical data for turbulent flow through smooth

pipes.
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When | meet God, | am going to ask
him two questions: Why relativity ?
And why turbulence ? | really believe
he will have an answer for the first.
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